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Abstrat
Fayos and Sopuerta have reently set up a formalism for studying vauum spaetimes
with an isometry, a formalism that is entred around the bivetor orresponding to the
Killing vetor and that adapts the tetrad to the bivetor. Steele has generalized their
approah to inlude the homotheti ase. Here, we generalize this formalism to arbitrary
spaetimes and to homotheti and onformal Killing vetors but do not insist on aligning
the tetrad with the bivetor. The most eient way to use the formalism to nd onformal
Killing vetors (proper or not) of a given spaetime is to ombine it with the notion of a
preferred tetrad. A metri by Kimura is used as an illustrative example.
1
I. INTRODUCTION
In a number of papers
1,2,3
Brian Edgar and the present author investigated spaetimes
with (onformal) Killing vetors ((C)KVs), i.e. with Killing vetors (KVs), a homotheti
vetor (HV), and/or proper onformal Killing vetors (CKVs). One of the key ingredients
was the notion of a preferred tetrad relative to a (C)KV. Working, at rst, in the Geroh-
Held-Penrose (GHP) formalism
4
the notion of preferred null diretions relative to a vetor,
in partiular, relative to a (C)KV, was dened. This was done in suh a way that when
a suitably dened GHP generalization of the ordinary Lie derivative is applied to suh
a preferred GHP tetrad the result takes its simplest possible form. Proeeding to the
Newman-Penrose formalism
5
it was then neessary to dene the notion of a preferred
gauge as well (thus dening what is meant by a preferred tetrad). Although this was
done by requiring that the the GHP Lie operator and the ordinary Lie derivative have the
same eet on arbitrary salar quantities, the upshot of it was that when the (ordinary)
Lie derivative is applied to a preferred tetrad it yields the simplest possible result. In
partiular, relative to a KV, the Lie derivative annihilates the tetrad if and only if the
latter is preferred.
In a reent artile, Fayos and Sopuerta
6
(FS) set up a formalism to failitate the
study of vauum spaetimes with an isometry. (Steele
7
has meanwhile extended their
method to inlude homotheties.) This formalism entred around the bivetor assoiated
with a Killing vetor. The aim of the present paper is three-fold. Firstly, we show that
their formalism an be obtained quite simply by re-writing the Killing equations and their
integrability onditions as obtained in Ref.[
8
℄ (KL), in terms of the assoiated bivetor.
Seondly, sine the latter equations were obtained for an arbitrary spaetime, vauum or
not, and for homotheti and proper onformal Killing vetors as well, the extension of
the FS equations to this most general ase is straightforward. Thirdly, we show how the
generalized FS equations or, equivalently, the KL equations, an be used most eiently
to nd all (C)KVs for a given spaetime if they are ombined with the notion of a preferred
tetrad.
2,3
Normally, to nd all possible (C)KVs of a given spaetime one solves the (onformal)
Killing equations. Inevitably, this has to be done with the aid of the integrability ondi-
tions of these equations. Both sets of equations were worked out in all generality in KL
8
in the GHP formalism. They are readily onverted into the NP formalism. Generally
speaking, these equations are still quite diult to takle unless one hooses the tetrad
appropriately. Insisting that the tetrad be preferred relative to a (C)KV yet to be found,
furnishes tremendous simpliation. In the FS approah the tetrad diretion(s) are hosen
to be prinipal null diretion(s) of the bivetor assoiated with the KV. In the ase of an
HV or a KV, suh null diretions are then preferred and lead to suitable simpliations.
(The issue of alignment of the bivetor with the Weyl tensor is not addressed here. It ap-
plies only to some speialized ases, albeit perhaps interesting ones. Here we onentrate
on the more general ase where suh an alignment may or may not exist.) However, it
is usually better to adapt the null diretions to the Weyl tensor or some other aspet of
the (onformal) geometry sine they will then be preferred with respet to all (C)KVs.
Exept when there is alignment, suh null diretions are then not prinipal null diretions
of the bivetor(s) assoiated with the (C)KVs. Further, when dealing with a proper CKV,
the prinipal null diretions of the assoiated bivetor are not preferred and the equations
will not simplify. Therefore, although the FS formalism (and, by impliation, the present
extension) appears to be useful in deriving general properties for spaetimes with (C)KVs
it does not seem to be a good tool for atually determining suh (C)KVs unless ombined
with the notion of a preferred tetrad. Although we maintain that the best tool is the
ommutator approah
1-3
(whih also employs preferred tetrads), in this paper we shall
work with the KL equations or, equivalently, the (generalized) FS equations.
2
The notation used here for the tetrad omponents of the (C)KV and of other quanti-
ties agrees with that of Refs.[
2,3
℄ and is dierent in some respets from that used by FS.
6
However, the orrespondene is readily made.
In setion 2 we review the notion of preferred null diretions relative to a (C)KV
and rewrite the onformal Killing equations and their integrabilty onditions in terms of
the bivetor assoiated with a (C)KV. In the following setion we make the onnetion
to the FS formalism and disuss a few general results that may readily be obtained from
this formalism. In setion 4, after reviewing the notion of a preferred gauge, we onvert
these equations from the GHP formalism to the NP formalism. Finally, in setion 5, we
illustrate on a onrete example (the non-vauum metri of Kimura
9
) how these equations,
when used in onjuntion with a preferred tetrad, an be solved to yield all (C)KVs of the
given metri.
II. THEGHPCONFORMAL KILLING EQUATIONS ANDTHEIR
INTEGRABILITY CONDITIONS
The most useful generalization of the Lie derivative £
ξ
to the GHP formalism is the
GHP Lie derivative 
ξ
 dened as

ξ
= L
ξ
− p
4
(P − P ′ + P∗ − P ′∗)− q
4
(P − P ′ + P ′∗ − P∗) (1)
where p, q are the GHP weights of the quantity operated upon,
P = n
µ
L
ξ
l
µ
(2)
(with similar denitions for the ompanions
8 P ′,P∗,P ′∗), and
L
ξ
= £
ξ
− ξµ
(
pζ
µ
+ qζ
µ
)
, (3)
where, using the usual NP notation,
ζ
µ
= γl
µ
+ εn
µ
− αm
µ
− βm
µ
. (4)
As a result, 
ξ
lµ has the form

ξ
l
µ
=
1
2
(P + P ′) lµ +Rnµ −Qmµ −Qmµ (5)
and similarly for its ompanions under the prime, star and star-prime operations. When
ξ is a (C)KV, i.e. when it satises
£
ξ
gµν = ϕgµν , (6)
the onformal Killing equations may be written
P ′ = −P − ϕ, P ′∗ = −P∗ − ϕ
Q = Q′∗, Q′ = Q∗
R = R′ = R∗ = R′∗ = 0. (7)
Sine
10 P∗ = P ′∗ it follows from the seond of Eqs.(7) that P∗ + P∗ = −ϕ. Hene, for a
(C)KV, we an write
P∗ = −ϕ
2
− iS (8)
3
where S is real. It follows that for a (C)KV,

ξ
= L
ξ
− p
2
(
P − iS + ϕ
2
)
− q
2
(
P + iS + ϕ
2
)
. (9)
When the null diretions l and n are hosen suh that Q = Q′ = 0, whih is always
possible, they are alled preferred. In this ase we have (for a (C)KV ξ)

ξ
l
µ
= −1
2
ϕl
µ
, (10)
and similarly for its ompanions.
The bivetor Fµν assoiated with a (C)KV is, as in Eq.(KL24) of Ref.[
8
℄, dened by
Fµν = ξµ;ν − 1
2
ϕgµν (11)
and its tetrad omponents, as in Eqs.(KL26-KL28), are given by
φ
0
= Fµν l
µ
m
ν
= Q− κa− τb+ σc+ ρc (12)
φ
2
= Fµνm
µ
n
ν
= −Q′ − πa− νb + µc+ λc (12′)
φ
1
=
1
2
Fµν
(
l
µ
n
ν
+m
µ
m
ν
)
=
1
2
(
P − iS + ϕ
2
)
, (13)
where a, b, c, d are the tetrad omponents of the (C)KV ξ:
ξ = al
µ
+ bn
µ − cmµ − cmµ . (14)
Note that by the last of Eqs.(12), Eq.(9) may now be written as

ξ
= L
ξ
− p
2
φ
1
− q
2
φ
1
. (15)
It is also worthwhile noting that the weights of φ0 , φ1 , φ2 are, respetively, (2,0), (0,0), and
(-2,0) and that under the prime and star operations
8,10
these quantities transform aord-
ing to
φ′
0
= −φ
2
, φ′
1
= −φ′
1
φ∗
i
= φ
i
(i = 0, 1, 2). (16)
The weights and transformation properties of other GHP quantities of interest are found
in the Appendies of Ref.[
8
℄.
In terms of these quantities φi the Killing equations as given by Eqs.(KL21-KL23)
4
beome
þb = −κc− κc (17)
þ
′a = νc+ νc (17′)
ðc = −σa+ λb (17*)
þa =
ϕ
2
− φ
1
− φ
1
+ πc+ πc (18)
þ
′b =
ϕ
2
+ φ
1
+ φ
1
− τc− τc (18′)
ðc = −ϕ
2
+ φ
1
− φ
1
− ρa+ µb (18*)
þc = −φ
0
− κa+ πb (19)
þ
′c = φ2 − τa + νb (19′)
ða = −φ
2
+ λc+ µc (19*)
ðb = φ
0
− ρc− σc (19′*)
Their rst integrability onditions, given in Eqs.(KL34-KL36) are also easily re-written in
terms of the φi and beome
þφ1 = πφ0 − κφ2 −
1
4
þϕ+ b (Λ− Φ11 −Ψ2) + cΨ1 + cΦ10 (20)
þ
′φ
1
= νφ
0
− τφ
2
+
1
4
þ
′ϕ− a (Λ− Φ
11
−Ψ
2
)− cΦ
12
− cΨ
3
(20
′
)
ðφ
1
= µφ
0
− σφ
2
− 1
4
ðϕ+ aΨ
1
− bΦ
12
+ c (Λ + Φ
11
−Ψ
2
) (20*)
ðφ
1
= λφ
0
− ρφ
2
+
1
4
ðϕ+ aΦ
10
− bΨ
3
− c (Λ + Φ
11
−Ψ
2
) (20′*)
þφ
2
= 2πφ
1
− 1
2
ðϕ− b (Ψ
3
+ Φ
21
) + c (Ψ
2
+ 2Λ) + cΦ
20
(21)
þ
′φ0 = −2τφ1 +
1
2
ðϕ+ a (Ψ1 +Φ01)− cΦ02 − c (Ψ2 + 2Λ) (21′)
ðφ
2
= 2µφ
1
− 1
2
þ
′ϕ+ a (Ψ
2
+ 2Λ)− bΦ
22
+ c (Φ
21
−Ψ
3
) (21*)
ðφ
0
= −2ρφ
1
+
1
2
þϕ+ aΦ
00
− b (Ψ
2
+ 2Λ) + c (Ψ
1
− Φ
01
) (21′*)
þφ0 = −2κφ1 − b (Ψ1 +Φ01) + cΨ0 + cΦ00 (22)
þ
′φ
2
= 2νφ
1
+ a (Ψ
3
+Φ
21
)− cΦ
22
− cΨ
4
(22
′
)
ðφ
0
= −2σφ
1
+ aΨ
0
− bΦ
02
− c (Ψ
1
− Φ
01
) (22*)
ðφ2 = 2λφ1 + aΦ20 − bΨ4 + c (Ψ3 − Φ21) (22′*)
The Maxwell equations (with soure) are impliit in these equations. They are obtained by
subtrating Eq.(21
′∗
) from Eq.(20) and doing the same with their respetive ompanions.
5
Thus,
þφ
1
− ðφ
0
= πφ
0
+ 2ρφ
1
− κφ
2
− 3
4
þϕ− aΦ
00
+ b (3Λ− Φ
11
) + cΦ
01
+ cΦ
10
(23)
þ
′φ
1
− ðφ
2
= νφ
0
− 2µφ
1
− τφ
2
+
3
4
þ
′ϕ− a (3Λ− Φ
11
) + bΦ
22
− cΦ
12
− cΦ
21
(23
′
)
ðφ1 − þ′φ0 = µφ0 + 2τφ1 − σφ2 −
3
4
ðϕ− aΦ01 − bΦ12 + cΦ02 + c (3Λ + Φ11) (23*)
ðφ
1
− þφ
2
= λφ
0
− 2πφ
1
− ρφ
2
+
3
4
ðϕ+ aΦ
10
+ bΦ
21
− cΦ
20
− c (3Λ + Φ
11
) (23′*)
When speialized to vauum and to a proper Killing vetor, Eqs.(20) - (22) readily yield
the formalism of FS, as we shall see in the next setion.
III. GENERAL CONSIDERATIONS
Before revisiting the FS equations, albeit in their most general from whih inludes
non-vauummetris and HV and proper CKV, let us derive some general results of interest.
Multiplying Eqs.(22), (21
′), (22*), and (21′*) by a, b,−c,−c, respetively, and adding
the results we rst alulate
(
aþ+ bþ′ − cð− cð)φ0 , i.e. Lξφ0 , and then, from Eq.(15),

ξ
φ
0
. Doing similar alulations for φ
1
and φ
2
we nd that

ξ
φ0 = −2Qφ1 +
1
2
bðϕ− 1
2
cþϕ (24)

ξ
φ2 = −2Q
′
φ1 −
1
2
aðϕ+
1
2
cþ′ϕ (24′)

ξ
φ
1
= −Q′φ
0
−Qφ
2
+
1
4
(−aþϕ+ bþ′ϕ+ cðϕ− cðϕ) . (25)
Restriting ourselves to HV and KVs and assuming that the bivetor Fµν does not
vanish identially, we see immediately from Eqs.(24, 24
′
, 25) that if the null diretions
are preferred then the φ
i
are annihilated by the GHP operator 
ξ
, as perhaps expeted.
Conversely, if we hoose the l - diretion to be a prinipal null diretion of the bivetor,
so that φ
0
vanishes, we nd immediately from Eqs.(24) and (25) that Q = 0, i.e. that this
diretion is preferred. From the rst of Eqs.(12) we now dedue that
κa+ τb − σc− ρc = 0 (26)
i.e. that the vetor X
1
= −τl − κn + ρm + σm is orthogonal to the KV/HV ξ. If the
bivetor is non-null we an hoose the seond null diretion to oinide with the bivetor's
seond prinipal null diretion and we get the prime of the above result, Q′ = 0, i.e.
−πa− bν + µc+ λc = 0 (27)
i.e. that the vetor X
3
= νl + πn− λm− µm is also orthogonal to the KV/HV ξ. As FS
have shown, and as we shall see below, there may, under ertain irumstanes (suh as
in vauum), be yet another vetor X
2
orthogonal to ξ.
Still restriting ourselves to an HV or a KV, if we add Eqs.(21*) and (21
′
*), onvert
to the NP formalism where we take a gauge suh that ρ = µ (whih is possible provided
ρµ 6= 0) we obtain after a lengthy alulation that ρ,
µ
ξµ = ϕ
2
ρ. Clearly now, if ρ is
a onstant in this gauge, ϕ has to vanish; there annot be an HV. This is the ase for
the Kimura metri onsidered in Setion 5. It should be noted that this onlusion is
arrived at muh faster using the KL formalism.
8
In fat, Eqs.(21*) and (21
′
*) are simply
Eqs.(KL35*) and (KL35
′
*) whih, for preferred null diretions redue to the omplex
6
onjugates of 
ξ
ρ = ϕ
2
ρ and 
ξ
µ = ϕ
2
µ, respetively. Sine the gauge ρ = µ has a
preferred boost part and sine both ρ and µ have weights of the form (p, p), it follows
from the disussion in the next setion that £
ξ
ρ = ϕ
2
ρ and £
ξ
µ = ϕ
2
µ. Hene, when
ρ = µ = onstant we neessarily have ϕ = 0.
Let us now return to the general ase that inludes proper CKVs. Eqs.(21)-(22),
inluding their ompanions, an be solved pairwise for NΨ
i
(i = 0, ...4)), where N = ξ
µ
ξ
µ
.
We nd that
NΨ
3
= c
(
ðφ
2
− 2µφ
1
+
1
2
þ
′ϕ+ bΦ
22
− cΦ
21
)
− a
(
þφ
2
− 2πφ
1
+
1
2
ðϕ+ bΦ
21
− cΦ
20
)
(28)
N (Ψ
2
+ 2Λ) = b
(
ðφ
2
− 2µφ
1
+
1
2
þ
′ϕ+ bΦ
22
− cΦ
21
)
− c
(
þφ
2
− 2πφ
1
+
1
2
ðϕ+ bΦ
21
− cΦ
20
)
(29)
NΨ
1
= b
(
þ
′φ
0
+ 2τφ
1
− 1
2
ðϕ− aΦ
01
+ cΦ
02
)
− c
(
ðφ
0
+ 2ρφ
1
− 1
2
þϕ− aΦ
00
+ cΦ
01
)
(28
′
)
N (Ψ
2
+ 2Λ) = c
(
þ
′φ
0
+ 2τφ
1
− 1
2
ðϕ− aΦ
01
+ cΦ
02
)
− a
(
ðφ
0
+ 2ρφ
1
− 1
2
þϕ− aΦ
00
+ cΦ
01
)
(29
′
)
NΨ
0
= b (ðφ
0
+ 2σφ
1
+ bΦ
02
− cΦ
01
)− c (þφ
0
+ 2κφ
1
+ bΦ
01
− cΦ
00
) (30)
NΨ
1
= −a (þφ
0
+ 2κφ
1
+ bΦ
01
− cΦ
00
) + c (ðφ
0
+ 2σφ
1
+ bΦ
02
− cΦ
01
) (31)
NΨ
4
= c (þ′φ
2
− 2νφ
1
− aΦ
21
+ cΦ
22
)− a (ðφ
2
− 2λφ
1
− aΦ
20
+ cΦ
21
)
(30
′
)
NΨ
3
= b (þ′φ
2
− 2νφ
1
− aΦ
21
+ cΦ
22
)− c (ðφ
2
− 2λφ
1
− aΦ
20
+ cΦ
21
)
(31
′
)
Note that these equations hold even when N = 0. Together with the Maxwell equations
(23) they are equivalent to the rst integrability onditions we started with. For vauum
and when ξ is a Killing vetor, they redue to those of the FS formalism, provided we
assume either that the bivetor is nonnull and φ
0
= φ
2
= 0, φ
1
6= 0 or that the bivetor
is null and φ
0
= φ
1
= 0, φ
2
6= 0. The latter formalism is indeed a very speial ase of the
present one.
Let us assume that ξ is a KV with a nonsingular bivetor and that we have taken a
anonial basis for whih φ
0
= 0 = φ
2
. Adding Eqs.(29) and (29′) then yields
2φ1ξ ·X2 − b2Φ22 + 2bcΦ21 − ccΦ20 − 2acΦ01 + c2Φ02 + a2Φ00 = 0 (32)
where
X2 = µl − ρn− πm+ τm. (33)
In vauum this gives the third vetor orthogonal to ξ, as also derived by FS. But we see
learly from Eq.(32) that only under speial onditions as the ones desribed do we get
suh a third orthogonal vetor.
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IV. THENPCONFORMAL KILLING EQUATIONSANDTHEIR
INTEGRABILITY CONDITIONS
From Eqs.(1)-(4) we see that

ξ
= £
ξ
− pG− qG (34)
where
G =
1
4
(
P − P ′ + P∗ − P ′∗ + 4ξµζ
µ
.
)
(35)
Beause of the onformal Killing equations (7), for a (C)KV ξ this redues to
G =
1
2
(
P − iS + ϕ
2
+ 2ξ
µ
ζ
µ
.
)
(36)
In terms of the omponent φ
1
of the assoiated bivetor this beomes
G = φ
1
+ ξ
µ
ζ
µ
, (37)
i.e.
G = φ
1
+ ǫa+ γb− βc− αc. (38)
To x the gauge requires the speiation of two real parameters orresponding to
boost and phase. It is therefore possible to have a preferred boost or a preferred phase
(or both). The neessary and suient ondition for the boost-part of the gauge to be
preferred is that 
ξ
η = £
ξ
η for any salar quantity η of weight (p, p). Therefore, for a
preferred boost we must have
G+G = 0. (39)
Similarly, the neessary and suient ondition for the phase-part of the gauge to be
preferred is that 
ξ
η = £
ξ
η for any salar quantity η of weight (p,−p), i.e. that
G−G = 0. (40)
The neessary and suient ondition for the full gauge to be preferred is that G
vanish, i.e. that
φ1 = −ǫa− γb+ βc+ αc. (41)
Realling that
þ = D − pǫ− qǫ, (42)
and similarly for its ompanions, it is straightforward to write Eqs.(17)-(22) in NP nota-
tion. They beome
Db− (ǫ+ ǫ) b = −κc− κc (43)
Da+ (ǫ+ ǫ) a =
ϕ
2
− φ
1
− φ
1
+ πc+ πc (44)
Dc+ (ǫ− ǫ) c = −φ
0
− κa+ πb (45)
Dφ
1
= πφ
0
− κφ
2
− 1
4
Dϕ+ b (Λ− Φ
11
−Ψ
2
) + cΨ
1
+ cΦ
10
(46)
Dφ
2
+ 2ǫφ
2
= 2πφ
1
− 1
2
δϕ− b (Ψ
3
+Φ
21
) + c (Ψ
2
+ 2Λ) + cΦ
20
(47)
Dφ0 − 2ǫφ0 = −2κφ1 − b (Ψ1 +Φ01) + cΨ0 + cΦ00 (48)
together with their ompanions.
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V. AN ILLUSTRATIVE EXAMPLE
Although the ommutator approah (Ref.
1,2,3
) seems preferable to a diret solving of
the Killing equations and their rst integrability onditions we illustrate in this setion
how the latter approah is failitated by using preferred tetrads relative to the (C)KVs.
To this end we one again
3
nd all (C)KVs for the Kimura metri.
9
The Kimura metri onsidered by Koutras and Skea
11
is given by
ds2 =
r2
b
0
dt2 − 1
r2b2
0
dr2 − r2dθ2 − r2 sin2 θdφ2, (49)
where b
0
is a onstant. It is of Petrov type D with a non-zero energy momentum tensor.
We an readily onstrut a tetrad suh that follows that
Dt =
√
b
0
r
√
2
, Dr =
rb
0√
2
, Dθ = 0, Dφ = 0
△t =
√
b
0
r
√
2
, △r = − rb0√
2
, △θ = 0, △φ = 0
δt = 0, δr = 0, δθ = 1
r
√
2
, δφ = i
r
√
2 sin θ
.
(50)
The NP spin oeients are then given by
κ = σ = λ = ν = τ = π = 0
γ = ε =
b
0
2
√
2
, ρ = µ = − b0√
2
, β = −α = cot θ
2
√
2r
, (51)
and
Ψ2 = −
1
6r2
, Φ11 =
1
4r2
, Λ = −b
2
0
2
+
1
12r2
(52)
are the only nonzero omponents of the Riemann tensor.
In view of Eqs.(51) and (52), the onformal Killing equations and their rst integra-
bility onditions, Eqs. (43) -(48) and their ompanions, beome
Da =
ϕ
2
− (G+G)+ b0√
2
b, ∆a = − b0√
2
a, δa = δa = 0
Db =
b
0√
2
b, ∆b =
ϕ
2
+G+G− b0√
2
a, δb = δb = 0
Dc =
b
0√
2
c, ∆c = − b0√
2
c,
δc = −ϕ
2
+
b
0√
2
(a− b) +G−G− cot θ√
2r
c, δc =
cot θ√
2r
c (53)
Dφ
0
=
b
0√
2
φ
0
, ∆φ
0
− b0√
2
φ
0
=
1
2
δϕ+ cb2
0
δφ0 =
cot θ√
2r
φ0 , δφ0 +
cot θ√
2r
φ0 =
√
2b
0
+
1
2
Dϕ+ bb2
0
(54)
Dφ
1
= −1
4
Dϕ− 1
2
bb2
0
, ∆φ1 =
1
4
∆ϕ+
1
2
ab2
0
δφ
1
= − b0√
2
φ
0
− 1
4
δϕ+ c
(
1
2r2
− b
2
0
2
)
, δφ
1
=
b
0√
2
φ
2
+
1
4
δϕ− c
(
1
2r2
− b
2
0
2
)
(55)
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Dφ
2
+
b
0√
2
φ
2
= −1
2
δϕ− cb2
0
, ∆φ
2
= − b0√
2
φ
2
δφ
2
+
cot θ√
2r
φ
2
= −
√
2b
0
φ
1
− 1
2
∆ϕ− ab2
0
, δφ
2
=
cot θ√
2r
φ
2
. (56)
Clearly, the null diretions are the prinipal null diretions of the Weyl tensor. These
diretions are preferred relative to all possible (C)KVs and hene Q = 0 = Q′. In view of
Eqs.(51), we see immediately from Eqs.(12) that
φ
0
= − b0√
2
c, φ
2
= − b0√
2
c. (57)
The gauge is not in any obvious way preferred for all (C)KVs; in fat, in hindsight it
will be seen that neither the boost-part nor the gauge part an be hosen in a way that
is preferred relative to all six (C)KVs that this metri turns out to possess. Although
we ould solve the basi equations involved for φ1 , it is easier to work in terms of G,
the quantity that is a measure of by how muh the given gauge diers from a preferred
one for eah (C)KV. Alternatively, we ould put an arbitrary gauge fator into our spin
oeients, but that too turns out to make the problem more diult. From Eqs.(38)
and (51) we obtain
φ
1
= G− b0
2
√
2
(a+ b) +
cot θ
2
√
2r
(c− c) . (58)
Substituting from Eqs.(57) and (58) into Eqs. (54) and (56) yields only that
Dϕ =
√
2b
0
(ϕ
2
−G−G
)
, ∆ϕ = −
√
2b
0
(ϕ
2
+G+G
)
, δϕ = 0. (59)
Subtrating these two equations we get Dϕ−∆ϕ = √2b
0
ϕ. From this we see immediately
that the metri annot have a proper HV.
Substituting Eqs.(57) and (58) into Eqs.(55) and using the Killing equations (53)
yields
DG = ∆G = 0
δG = − cot θ
2
√
2r
(
G−G− ϕ
2
+
b
0
(a− b)√
2
)
+
c+ c
4r2 sin2 θ
δG=− cot θ
2
√
2r
(
G−G+ ϕ
2
− b0 (a− b)√
2
)
− c+ c
4r2 sin2 θ
(60)
Eqs.(53), (59) and (60) an now be solved for the unknowns a, b, c, ϕ,G. We nd that
a = r
(
h0√
2b
0
+
l1
2
√
2b
0
+
l0t√
2
)
− l0√
2b
0
b = r
(
h
0√
2b
0
− l1
2
√
2b
0
− l0t√
2
)
− l0√
2b
0
c =
−r√
2
(a
0
cosφ+ b
0
sinφ) +
ir√
2
[c
0
sin θ − cos θ (a
0
sinφ− b
0
cosφ)]
ϕ = r (l
1
+ 2l
0
b
0
t)
G = − l0
√
b0
2
+
i
2 sin θ
(a0 sinφ− b0 cosφ) (61)
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where l0 , l1 , h0 , c0 , a0 , b0 are integration onstants. Putting all but one of these equal to
zero in turn and using Eq.(14) we nd, in oordinates (t, r, θ, φ), the two proper CKVs
l
0
= 1 : ξµ
(1)
=
(
−1
r
, r2b
0
t, 0, 0
)
l1 = 1 : ξ
µ
(2)
=
(
0,
r2
2
, 0, 0
)
(62)
with respetive onformal fators ϕ = 2rb
0
t and ϕ = r, as well as the four Killing vetors
h
0
= 1 : ξµ
(3)
= (1, 0, 0, 0)
c
0
= 1 : ξµ
(4)
= (0, 0, 0, 1)
a
0
= 1 : ξµ
(5)
= (0, 0, cosφ,− cot θ sinφ)
b
0
= 1 : ξµ
(6)
= (0, 0, sinφ, cot θ cosφ) . (63)
Noting from the last of Eqs.(61) thatG+G= −l
0
√
b
0
andG−G = i
sin θ
(a
0
sinφ− b
0
cosφ)
we see from Eqs.(62) and (63) that G + G vanishes for all but ξ
(1)
. Therefore, the four
KVs and the proper CKV ξ
(2)
have the boost-part of the given gauge preferred. Similarly,
the two proper CKVs and the KVs ξ
(3)
and ξ
(4)
have the phase part of the given gauge
preferred.
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